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Introduction

• A key challenge in quantitative biology is identifying the relevant and irrelevant 
sources of variation

• Today: novel methodology for inferring covariance matrices in multiple 
subpopulations

• Covariance matrices can be useful for
• Hypothesis-free and hypothesis-driven analyses
• Variation across dimensions (e.g. subject, experimental condition) 
• Measurement error 

• Case study on the metabolomics of neurodegenerative disease
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Neurodegenerative Disease
• Number of adult cases is forecast to reach 100 million worldwide in the 

next 35 years

• The majority of cases lack simple Mendelian genetic causes.  
• How do age, environment, and polygenic variation contribute to risk?

• Recent work suggests that the metabolome can provide a powerful tool 
to help us identify the mechanisms that underlie neuropathology. 
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Metabolomics
• Metabolites are the small 

molecules involved in metabolism

• Include amino acids, vitamins, 
sugars, drugs, etc.

• The metabolome is the complete 
set of metabolites in a sample

By Ycyc0927 - Own work, CC BY-SA 4.0, 
https://commons.wikimedia.org/w/index.php?curid=68544125
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Metabolomics of Neurodegenerative Disease
• Links to mitochondrial dysfunction caused by the deleterious effects 

from oxidative stress and chronic inflammation

• AD and PD are comorbid with abnormal glucose metabolism and insulin 
resistance

• Initial studies suggest the possibility for predictive biomarkers

• Apolipoprotein E (ApoE) is a class of proteins involved in the 
metabolism of fats and is the largest known genetic risk factor for AD
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Questions of Interests

• Can we identify biomarkers for Alzheimer’s? 
• What can we learn about AD mechanisms? (AD vs CO)
• Does ApoE status correlated with changes in the metabolome?

• Can we identify biomarkers for Parkinson’s?
• What can we learn about PD mechanisms? (PD vs CO)

• How does the metabolome change as we age (controls only)

Alzheimer’s

Parkinson’s

Aging
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Data
• Cerebrospinal fluid samples (CSF) from 198 individuals.

• 57 Alzheimer’s disease (AD), 56 Parkinson’s disease (PD), 85 controls

• For controls, have subjects from all ages 

• Age, Sex, ApoE status
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Data
• Mass Spectrometry-Based Metabolomics
• Northwest Metabolomics Research Center (NW-MRC)
• Targeted, approximately 100 features (ids known)
• Untargeted, approximately 8000 features (ids unknown)

• Lipidomics
• 1000 lipids

• Large p, small n problem
• Only 200 observations of high-dimensional data
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Model Building

• X = (disease status, age, sex…)
• Relatively few features

• Y = (Fructose, DOPA, Creatinine, …)
• Thousands of features

• Predict X given Y?
• Given a metabolite measurements, does the subject have Alzheimer’s?

• Predict Y given X?
• Given disease status, what can we say about the metabolome?
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Predict disease status given metabolites

• Common framing in most machine learning problems

• Use many features to classify (typically) into small number of categories

• If classifying disease status is the primary objective this is reasonable

• Don’t need to model the complex interactions in the metabolome
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Model the metabolome given phenotype

• Interested in mechanisms

• How and why is the metabolome different in ND subjects 

• More plausible causal direction? 

• Consistent with a the notion that a “disease causes symptoms”

• Measurement error and missing data in metabolite abundances
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Statistical Challenges

• Identify mean level differences (useful for identifying biomarkers)

• This talk: focus on inferring covariance matrices across groups 
• Relevant for learning about mechanisms

• Approx. 200 samples to learn about thousands of features! 

• Number of correlations on the order of 8000 squared (untargeted)

• Need significant regularization and/or correction for multiple comparisons
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Why Covariance Estimation?

• Mean level differences are often small relative to sample variability 

• Covariance estimation can improve estimates of mean level differences

• Correlations are indicative of functional groups in the metabolome

• Correlations between metabolites are driven by unobserved variables

• Disease progression or severity
• Genetics
• Important unmeasured molecules (e.g. metabolic enzymes)
• Diet / extrinsic factors 
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P-value: 0.20 P-value: 0.28
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P-value: < 1e-9
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• PCA one of the most common 
dimension reduction techniques

• Latent factors explain data

• Run single PCA for all data 

• Often used identify mean differences 

• Unsupervised learning

Principal Component Analysis
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Multi-group PCA

• Group by phenotype

• Do correlations differ by group?

• Infer different PCs for different groups

• Shared subspace models
• Large p, small n
• Share information across groups
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Identifying Relevant Dimensions of Variability

• Find a subspace of variability that is invariant to changes in X
• “Nuisance variability”

• Find the smallest subspace of variability that not invariant to X
• Find all of the variation in Y that changes with X

• Requires inference for a subspace 
• Characterizes differences in mean and covariances in metabolites for different 

phenotypes
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Shared Subspace Assumption

Data from similar sources often share similar structure. 

• Effective dimensionality related to number of regulatory modules

• Most structure is common across groups 

• Suggests that differences between groups are on a lower dimensional 
shared subspace 
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A Shared Subspace Model
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Assumption: Differences between groups are on a shared subspace. 

Projection in R3
<latexit sha1_base64="YJZXRa8TRhnJOIMSfnf9JVSmBKs=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiStoMuiG5dV7AOaWCbTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjzqqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OR+94lKxWLxoKcJ9SM8EixkBGsjeV6E9TgIsvvZY2NgV52aMwdaJW5BqlCgNbC/vGFM0ogKTThWqu86ifYzLDUjnM4qXqpogskEj2jfUIEjqvxsnnmGzowyRGEszRMazdXfGxmOlJpGgZnMM6plLxf/8/qpDq/8jIkk1VSQxaEw5UjHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgS3OUvr5JOveY2avW7i2rzuqijDCdwCufgwiU04RZa0AYCCTzDK7xZqfVivVsfi9GSVewcwx9Ynz/s9JGb</latexit>

Subspace projection Orthogonal projection
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A Shared Subspace Model

•       is a p x s orthogonal matrix
•                  corresponds to the s-dimensional shared subspace of 
•                    are the rank s covariance matrices of projected data 

Yk ⇠ N (µk,⌃k ⌦ I)
<latexit sha1_base64="ly34xwx+qHH1OLdFKcXKe2ekcLg=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAiSNiNQjwGvehFIpqHZMMyO5lNhszsLjO9QljyKV78FS8eFNGbfo2Tx0ETCxqKqm66u/xYcA22/WUtLC4tr6xm1rLrG5tb27md3bqOEkVZjUYiUk2faCZ4yGrAQbBmrBiRvmANv38x8hsPTGkehXcwiFlbkm7IA04JGMnLldN7L+0Psau5xNeuYAEUXJl4/WPs3vKuJBM3Ai6Zxleu4t0eHA2xl8vbRXsMPE+cKcmjKape7tPtRDSRLAQqiNYtx46hnRIFnAo2zLqJZjGhfdJlLUNDYva10/GDQ3xolA4OImUqBDxWf0+kRGo9kL7plAR6etYbif95rQSCs3bKwzgBFtLJoiARGCI8Sgt3uGIUxMAQQhU3t2LaI4pQMJlmTQjO7MvzpF4qOifF0s1pvnI+jSOD9tEBKiAHlVEFXaIqqiGKHtEzekVv1pP1Yr1bH5PWBWs6s4f+wPr+ARFSouY=</latexit>

Rp
<latexit sha1_base64="mbYSM4Ac9uioPDLqYlekXHjjQIA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8fZb9SdWvuDGiZeAWpQoFmv/LlDxKSxlQYwrHWPc+VJsiwMoxwOi37qaYSkzEe0p6lAsdUB9ks8xSdWmWAokTZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQUZEzI1VJD5oSjlyCQoLwANmKLE8IklmChmsyIywgoTY2sq2xK8xS8vk3a95p3X6ncX1cZ1UUcJjuEEzsCDS2jALTShBQQkPMMrvDmp8+K8Ox/z0RWn2DmCP3A+fwBJd5HY</latexit>

⌃k = V kV
> + �2

kI
<latexit sha1_base64="rRi/NH3pkjDWfWdi7I/USTaOk0c=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCINSkCroRim50V9GmhSYNk+mkHTq5MDMRSshjuPFV3LhQxG13vo2TNoK2Hhj4+P9zOHN+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWfXElHCMWniiEW87SFBGA1JU1LJSDvmBAUeIy1veJ37rUfCBY3CBzmKiROgfkh9ipFUkquf2Pe0HyA3HWaXFrQbguYIrW5qyyjOjm3xY3fTWgZvXb1iVI1JwXkwC6iAohquPrZ7EU4CEkrMkBAd04ilkyIuKWYkK9uJIDHCQ9QnHYUhCohw0slhGTxUSg/6EVcvlHCi/p5IUSDEKPBUZ4DkQMx6ufif10mkf+GkNIwTSUI8XeQnDMoI5inBHuUESzZSgDCn6q8QDxBHWKosyyoEc/bkebBqVfO0Wrs7q9SvijhKYB8cgCNggnNQBzegAZoAgyfwAt7Au/asvWof2ue0dUErZvbAn9LG3/WfoFc=</latexit>

 k + �2
kI

<latexit sha1_base64="H3S+3CBTHifh3NkjYk/7fuqlNkU=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiCUJIq6LLoRncV7AOaGCaTSTt0JgkzE6GErN34K25cKOLWL3Dn3zhNs9DWAxcO59w7c+/xE0alsqxvY2FxaXlltbJWXd/Y3No2d3Y7Mk4FJm0cs1j0fCQJoxFpK6oY6SWCIO4z0vVHVxO/+0CEpHF0p8YJcTkaRDSkGCkteeZB5hSPZIIEudOS1Bvl8AQ6kg44um94oxvPrFl1qwCcJ3ZJaqBEyzO/nCDGKSeRwgxJ2betRLkZEopiRvKqk0qSIDxCA9LXNEKcSDcrtsjhkVYCGMZCV6Rgof6eyBCXcsx93cmRGspZbyL+5/VTFV64GY2SVJEITz8KUwZVDCe5wIAKghUba4KwoHpXiIdIIKx0elUdgj178jzpNOr2ab1xe1ZrXpZxVMA+OATHwAbnoAmuQQu0AQaP4Bm8gjfjyXgx3o2PaeuCUc7sgT8wPn8A/auabA==</latexit>

⌃k = V kV
T + �2

kI
<latexit sha1_base64="FjxY4GrrwT0ehZqVKq6rD8tgT84=">AAACGXicbVBLS8NAGNzUV62vqEcvi0UQhJJUQS9C0YveKvYFTRo22227ZPNgdyOUkL/hxb/ixYMiHvXkv3GT5qCtAwvDzHy7344bMSqkYXxrpaXlldW18nplY3Nre0ff3euIMOaYtHHIQt5zkSCMBqQtqWSkF3GCfJeRrutdZ373gXBBw6AlpxGxfTQO6IhiJJXk6IZ1T8c+cjx4CTuJlV+YcDJMraagjpd2Bi14Ai2RhQZ1x7t19KpRM3LARWIWpAoKNB390xqGOPZJIDFDQvRNI5J2grikmJG0YsWCRAh7aEz6igbIJ8JO8kVSeKSUIRyFXJ1Awlz9PZEgX4ip76qkj+REzHuZ+J/Xj+Xowk5oEMWSBHj20ChmUIYwqwkOKSdYsqkiCHOqdoV4gjjCUpVZUSWY819eJJ16zTyt1e/Oqo2roo4yOACH4BiY4Bw0wA1ogjbA4BE8g1fwpj1pL9q79jGLlrRiZh/8gfb1A3j+n/Q=</latexit>

⌃k = V kV
T + �2

kI
<latexit sha1_base64="BMeA2EXPs6skxmS0f4k5vFl63Bk=">AAACJnicbVBLSwMxGMzWV62vVY9egkUQhLJbBb0Uil70VrEv6G6XbJq2YbMPkqxQlv01XvwrXjxURLz5U0y3e7CtA4Fh5pvky7gRo0IaxrdWWFvf2Nwqbpd2dvf2D/TDo7YIY45JC4cs5F0XCcJoQFqSSka6ESfIdxnpuN7dzO88Ey5oGDTlJCK2j0YBHVKMpJIcvWY90ZGPHA/WYGJl9yWcDNJ2ajUEdbwFrd9M4QW0xDzRrz44etmoGBngKjFzUgY5Go4+tQYhjn0SSMyQED3TiKSdIC4pZiQtWbEgEcIeGpGeogHyibCTbIUUnillAIchVyeQMFP/JhLkCzHxXTXpIzkWy95M/M/rxXJ4Yyc0iGJJAjx/aBgzKEM46wwOKCdYsokiCHOqdoV4jDjCUjVbUiWYy19eJe1qxbysVB+vyvXbvI4iOAGn4ByY4BrUwT1ogBbA4AW8gSn40F61d+1T+5qPFrQ8cwwWoP38Ag1Kphw=</latexit>

 k + �2
kI

<latexit sha1_base64="MRqBmH8KI2SfcUyTI/hjCO7g4FI=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQhJJUQZdFN7qrYB/QxDCZTtohM5MwMxFqKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPWHKqNKO820tLC4tr6yW1srrG5tb2/bObkslmcSkiROWyE6IFGFUkKammpFOKgniISPtML4a++0HIhVNxJ0epsTnqC9oRDHSRgrsfa+haBDDE+gp2ufovhbEN4FdcarOBHCeuAWpgAKNwP7yegnOOBEaM6RU13VS7edIaooZGZW9TJEU4Rj1SddQgThRfj65fgSPjNKDUSJNCQ0n6u+JHHGlhjw0nRzpgZr1xuJ/XjfT0YWfU5Fmmgg8XRRlDOoEjqOAPSoJ1mxoCMKSmlshHiCJsDaBlU0I7uzL86RVq7qn1drtWaV+WcRRAgfgEBwDF5yDOrgGDdAEGDyCZ/AK3qwn68V6tz6mrQtWMbMH/sD6/AH4LJRE</latexit>

V
<latexit sha1_base64="hUaDYzzkKxMnRbmwp8M0Uxmlyso=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkDbOT3mTI7IOZWSUs+x9ePCji1X/x5t842exBEwsaiqru6enyYsGVtu1va2V1bX1js7RV3t7Z3duvHBy2VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yM/M7jygVj8J7PY3RDego5D5nVBvpIe3nT6QSh1k7G1Sqds3OQZaJU5AqFGgOKl/9YcSSAEPNBFWq59ixdlMqNWcCs3I/URhTNqEj7Bka0gCVm+YrM3JqlCHxI2kq1CRXf0+kNFBqGnimM6B6rBa9mfif10u0f+WmPIwTjSGbL/ITQXREZhGQIZfItJgaQpnk5q+EjamkTJugyiYEZ/HkZdKu15zzWv3uotq4LuIowTGcwBk4cAkNuIUmtICBhGd4hTfryXqx3q2PeeuKVcwcwR9Ynz9LIJMG</latexit>

V
<latexit sha1_base64="ZHTJuVrsXJ8Nz2mGcO2drL0vXec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fs/+M3g==</latexit>

span(V)
<latexit sha1_base64="XRJ3zUhK+aumJ6idYDEOGmyQlpQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsB/QxrLZbtqlm03Ynagl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEUdagkYhU2yeaCS5ZAzkK1o4VI6EvWMsfXU/91gNTmkfyDscx80IykDzglKCR7rvInjDVMZHl5umkVyw5FWcGe5m4GSlBhnqv+NXtRzQJmUQqiNYd14nRS4lCTgWbFLqJZjGhIzJgHUMlCZn20tnVE/vEKH07iJQpifZM/T2RklDrceibzpDgUC96U/E/r5NgcOmlXMYJMknni4JE2BjZ0wjsPleMohgbQqji5labDokiFE1QBROCu/jyMmlWK+5ZpXp7XqpdZXHk4QiOoQwuXEANbqAODaCg4Ble4c16tF6sd+tj3pqzsplD+APr8wd485J8</latexit>

span(V)
<latexit sha1_base64="6rziZRThasVfY5827w3nLBxh0dE=">AAACBHicbVDLSsNAFJ34rPVVddlNsAh1U5Iq6LLoxmUF+4A2lMnkth06mYSZG7GELNz4K25cKOLWj3Dn3zh9LLT1wIXDOffOnXv8WHCNjvNtrayurW9s5rby2zu7e/uFg8OmjhLFoMEiEam2TzUILqGBHAW0YwU09AW0/NH1xG/dg9I8knc4jsEL6UDyPmcUjdQrFNPu9JFUQZB1ER4w1TGV5eZplvUKJafiTGEvE3dOSmSOeq/w1Q0iloQgkQmqdcd1YvRSqpAzAVm+m2iIKRvRAXQMlTQE7aXT/Zl9YpTA7kfKlER7qv6eSGmo9Tj0TWdIcagXvYn4n9dJsH/ppVzGCYJks0X9RNgY2ZNE7IArYCjGhlCmuPmrzYZUUYYmt7wJwV08eZk0qxX3rFK9PS/VruZx5EiRHJMycckFqZEbUicNwsgjeSav5M16sl6sd+tj1rpizWeOyB9Ynz/SwJjV</latexit>

Data from group k is multivariate normal:

with covariance
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A Shared Subspace Model
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Projection in YkV
<latexit sha1_base64="lwK0mDnfrpXjXiElhHyifFooskE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtpQ9lsN+3SzW7Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gknt7nfeaJKMykezDShQYxHgkWMYGMl/3EwaVcG1Zpbd+dAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNj92hs6sMkSRVLaEQXP190SGY62ncWg7Y2zGetnLxf+8Xmqi6yBjIkkNFWSxKEo5MhLln6MhU5QYPrUEE8XsrYiMscLE2HzyELzll1dJu1H3LuqN+8ta86aIowwncArn4MEVNOEOWuADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHE6mOMw==</latexit>

YkV?
<latexit sha1_base64="yxtYUQLubKQCqceibr9S+1mdg8c=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9plyWbTtvQbDYm2UJZ+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5oeRMG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNEUWjSmMeqExINnAloGmY4dKQCEoUc2uH4NvPbE1CaxeLBTCX4ERkKNmCUGCv5j8G4FaQ9CUrOSkG54lbdOfAq8XJSQTkaQfmr149pEoEwlBOtu54rjZ8SZRjlMCv1Eg2S0DEZQtdSQSLQfjo/eobPrNLHg1jZEgbP1d8TKYm0nkah7YyIGellLxP/87qJGVz7KRMyMSDoYtEg4djEOEsA95kCavjUEkIVs7diOiKKUGNzykLwll9eJa1a1buo1u4vK/WbPI4iOkGn6Bx56ArV0R1qoCai6Ak9o1f05kycF+fd+Vi0Fpx85hj9gfP5A4L/ke0=</latexit>

R3
<latexit sha1_base64="YJZXRa8TRhnJOIMSfnf9JVSmBKs=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiStoMuiG5dV7AOaWCbTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjzqqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OR+94lKxWLxoKcJ9SM8EixkBGsjeV6E9TgIsvvZY2NgV52aMwdaJW5BqlCgNbC/vGFM0ogKTThWqu86ifYzLDUjnM4qXqpogskEj2jfUIEjqvxsnnmGzowyRGEszRMazdXfGxmOlJpGgZnMM6plLxf/8/qpDq/8jIkk1VSQxaEw5UjHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgS3OUvr5JOveY2avW7i2rzuqijDCdwCufgwiU04RZa0AYCCTzDK7xZqfVivVsfi9GSVewcwx9Ynz/s9JGb</latexit>

• span(V ) is represented by the gray plane with s = 2
• Differences in        and         reflected in the span(V)
• No differences between groups on span(     )

 k
<latexit sha1_base64="BEmMfg1vHdNp3ZzaZIDX3bUam1U=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq9cwvD/ulyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa1a1b+o1u4vK/WbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzB3RJjww=</latexit>

V?
<latexit sha1_base64="mepvL2CqBSVyf8LZbMIhcEjQdio=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWsB/SLiWbZtvQJBuSrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHXSY6uf9RTVatovV/yqPwdaJUFOKpCj0S9/9QYJSQWVlnBsTDfwlQ0zrC0jnE5LvdRQhckYD2nXUYkFNWE2P3iKzpwyQHGiXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGpUkslWSyKU45sgmbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSqlWDi2rt/rJSv8njKMIJnMI5BHAFdbiDBjSBgIBneIU3T3sv3rv3sWgtePnMMfyB9/kDFqKQmA==</latexit>

µk
<latexit sha1_base64="tNKhBjm/Y/e8f2q69J0FsyuxEH4=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTtj/uVql/z50CrJChIFQo0+5Wv3iAlVlBpCMdadwM/M1GOlWGE02m5ZzXNMBnjIe06KrGgOsrnx07RuVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3YhBMsvr5JWvRZc1uoPV9XGbRFHCU7hDC4ggGtowD00IQQCDJ7hFd486b14797HonXNK2ZO4A+8zx/dkI64</latexit>
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A Shared Subspace Model

• Find the “best” shared subspace of fixed dimension s

• Infer heterogeneity of the projected covariance matrices,  

• Quantify uncertainty about differences in covariances

• Full Bayesian inference is hard 
• V is high dimensional 
• Orthogonality constraints means sampling on a manifold

 k
<latexit sha1_base64="BEmMfg1vHdNp3ZzaZIDX3bUam1U=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq9cwvD/ulyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa1a1b+o1u4vK/WbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzB3RJjww=</latexit>
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Shared Subspace Objective Function
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<latexit sha1_base64="r4tarLoRCbWY8DbMWY43BdgRSAw="></latexit>

• Maximize over                      (Stiefel manifold)

•                            is called the Grassmanian manifold

V 2 Vp,s
<latexit sha1_base64="i2z9QNszwlvhuwZ1ZQnZFJISylA=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksggcpSRX0WPTisYL9gCaUzXbbLt1swu5GKCEX/4oXD4p49Wd489+4aXPQ1gcDj/dmmJkXxJwp7TjfVmlldW19o7xZ2dre2d2z9w/aKkokoS0S8Uh2A6woZ4K2NNOcdmNJcRhw2gkmt7nfeaRSsUg86GlM/RCPBBsygrWR+vZRG3lMIC/EekwwT9tZP43PVda3q07NmQEtE7cgVSjQ7Ntf3iAiSUiFJhwr1XOdWPsplpoRTrOKlygaYzLBI9ozVOCQKj+dPZChU6MM0DCSpoRGM/X3RIpDpaZhYDrzQ9Wil4v/eb1ED6/9lIk40VSQ+aJhwpGOUJ4GGjBJieZTQzCRzNyKyBhLTLTJrGJCcBdfXibtes29qNXvL6uNmyKOMhzDCZyBC1fQgDtoQgsIZPAMr/BmPVkv1rv1MW8tWcXMIfyB9fkDYe6WSA==</latexit>

V V T 2 Gp,s
<latexit sha1_base64="lmulG69vHXZrecEUwewxi8GXsxM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED1KSKuix6EGPFdq00MSw2W7apZtN2N0IJQS8+Fe8eFDEq3/Cm//GTduDtj4YeLw3w8y8IGFUKsv6NkpLyyura+X1ysbm1vaOubvnyDgVmLRxzGLRDZAkjHLSVlQx0k0EQVHASCcYXRd+54EISWPeUuOEeBEacBpSjJSWfPPAce5b0KUcuhFSQ4xYdpP7WXIqc9+sWjVrArhI7Bmpghmavvnl9mOcRoQrzJCUPdtKlJchoShmJK+4qSQJwiM0ID1NOYqI9LLJDzk81kofhrHQxRWcqL8nMhRJOY4C3VkcKue9QvzP66UqvPQyypNUEY6ni8KUQRXDIhDYp4JgxcaaICyovhXiIRIIKx1bRYdgz7+8SJx6zT6r1e/Oq42rWRxlcAiOwAmwwQVogFvQBG2AwSN4Bq/gzXgyXox342PaWjJmM/vgD4zPH2NWl18=</latexit>

For comparison, the PCA objective is

24

`(V ) = tr(V TSV )
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Empirical Bayes Inference

• “Integrate out”         and          to maximize marginal log-likelihood, 

• Expectation Maximization algorithm to estimate V

• Bayesian inference for        given the inferred subspace V.        
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EM Inference in the Shared Subspace

• E-step: 

• M-step: 
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Inference in the Shared Subspace Model

• Optimization on the Stiefel Manifold

• Computational complexity dominated by s, not p (Wen and Yin, 2013)

• Efficient for 10k+ features if subspace dimension when s is moderate

• Implemented in the R package rstiefel (Hoff and Franks)

• Bayesian inference for the projected data covariance matrices

• Low dimensional and tractable, facilitates uncertainty quantification
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Analysis of Metabolomics Data

• Batch effects and drift can be large and obscure signals

• Samples prepped in 7 batches of about 30 subjects each

• At the very least, randomize the samples 

• Can do better: explicitly maximize balance of features across batches 
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Age
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Correcting for drift in metabolites abundances
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Analysis of Metabolomic Data

• Cerebrospinal fluid samples (CSF) from 198 individuals. Samples from
• 57 Alzheimer’s disease (AD)
• 56 Parkinson’s disease (PD)
• 85 controls split by age (young (CY), middle age (CM) and old age (CO))

• De-trend drift using non-parametric regression (boosted trees)

• Fit shared subspace model, explore differences in correlations

Can we detect heterogeneity across correlation matrices? 
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Metabolite Correlations Change with Age
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Metabolite Correlations in Parkinson’s
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Multivariate Analysis of ApoE
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Next Steps

• Pathway analysis and interpretation 
• Enrichment
• Network models (de novo reconstruction)

• Improved metabolite identification 

• Robust inference
• Extend methodology to heavy-tailed distributions
• Multivariate t or laplace distributions
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Some Remarks

• Papers
• Shared Subspace Models for Multi-Group Covariance Estimation 

https://arxiv.org/abs/1607.03045

• Software
• https://github.com/afranks86/shared-subspace
• rstiefel: R package for optimization on the Stiefel manifold (w/ Peter Hoff)
• mgCov: Forthcoming R package multi-group covariance

41
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Metabolite Correlations in Alzheimer’s
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