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Multi-Treatment Inference

* Goal: assess the causal effect of multiple treatments applied
simultaneously in an observational context

 Genome Wide Association Studies (GWAS)
 What is the effect of an actor on movie revenue

* Can possibly leverage correlation between treatments to control for
potential unmeasured confounders.

 Many concurrent estimands (e.g. effect of each gene)

* Renewed interest in causal community due to Wang and Blei, 2019.



Multi-Treatment Inference: Setup

e Qutcomes Y (scalar)

* Treatments T (k-vector)

* Unmeasured confounders U (m-vector)
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Assumptions

Assumption 1: Latent ignorability
U blocks all backdoor paths between T and Y.

Assumption 2: Positivity
f(T=t|U=u)>0 for all u.

Assumptionm 3: SUTVA

There are no hidden versions of the treatments and there is no interference
between units.




“The Deconfounder” Approach
(Wang and Blei, 2019)

* Fit a factor model to infer substitute

confounders:
U = E[U|T]

* “Correct for” bias by including proxy

confounder to debias treatment effect
estimates:

Y ~U+T

* Assume U is pinpointed by T as k goes
to infinity



Some problems with “The Deconfounder”
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Principal components analysis corrects for stratification in genome-wide

association studies

AL Price, NJ Patterson, RM Plenge, ME Weinblatt... - Nature ..., 2006 - nature.com
Population stratification—allele frequency differences between cases and controls due to
systematic ancestry differences—can cause spurious associations in disease studies. We
describe a method that enables explicit detection and correction of population stratification
on a genome-wide scale. Our method uses principal components analysis to explicitly
model ancestry differences between cases and controls. The resulting correction is specific
to a candidate marker's variation in frequency across ancestral populations, minimizing ...
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The Role of Sensitivity Analysis

. Relax unverifiable identifying assumptions
. Readers can assess claims more precisely

. Unique challenges in the multiple treatment setting which
require careful consideration



Setup

B6/#8. - )BH06H" 4=
D)™/ - )*/BIDRSIG)#/&+=Th
>8*'86*1)4HIPK2 - IG)#/84-

PEYWA) L&A 46,601+ - ) J&+$12Q)"+ 1899 ; 2

Et|u

}

2
@

Uy

7

1848=)+"/840* 108" /) A/ A )L ) <00/ LI& SLE*H/A ) i-&—6, " 0&*HFL I AMALT )

"#3%&D" B &4 0001/

PATE,, ,, := E(Y | do(t1)) — E(Y | do(ty))

for treatment vectors ¢; and t»



Observed and Intervention Densities

Observed: fly|t) = / oy (U | t,u) foy (ult)du

Intervention: (y | dO / fwy Y ‘ ¢ u)fwT( )

@D are sensitivity parameters

Note: ., (u)du = / For(u | B f@)dE



Copula Approach to Multi-Treatment Sensitivity
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Motivating Example: Analysis of Mouse Obesity
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Model treatments and outcomes as Gaussian
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Building Intuition: The Linear Gaussian Model

U =e¢,
T = BU -

- Ctlu

Y =7'T -

€y ~ N,

Ctlu ™ N

N ’Y,U + Cylt,u

(0, 1)
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The Linear Gaussian Model

In this model:
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Biasa; = (7 — 7) At
Sensitivity analysis:
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Worst-case bias of naive estimators

Theorem

Suppose that the observed data is generated by model 1-3 with aflu > 0. Then, Vv
satisfying Assumptions 1 and 2,

T 2
B zultfy = Oyt (4)
For any given At, we have
. 2 2 ~1/2 2
Biasa; < Uy|tRY~U|T||):u|t/ Hulaellz  (bounded), (5)

The bound is achieved when ~ is colinear with Z;lltuu|m.
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Overall worst-case bias

Corollary

Let d; be the largest singular value of B. For all At with || At ||,= 1, the squared bias is

bounded by
2
d12 Ty|t 2

Ry .inT, 6
(d12+0'f zu Y~U|T ( )

.
Biash; <

W@

with equality when At = ur, the first left singular vector of B. When At € Null(B'), the
naive estimate is unbiased, that is, PATEa; = T, At.

4

d2

(d% + o?

t|u

) is the fraction of variance in the first PC of treatments that can be explained

by confounding.



Confounding Bias

Change of Bias with At
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Robustness and Calibration
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Robustness and Calibration
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Analysis of Mouse Obesity
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Treatment Contrast



naive

naive

Tmean le’mz’t R‘/lzmzt (%)
2010002N04Rik 11.74 3.63 kK
Vwi 10.69 3.87 oAH
Serpinab 7.52 2.79 16
Mest 5.88 0.78 1
Slc22a3 5.20 0.56 5
Earll 3.53 0.96 14
Ccnl2 -4.89  -0.76 99
Irx3 -5.11 -0.47 58
Ndrgl -6.38  -1.56 65
Igftbp2 -6.66  -2.59 31
Kdm4a -7.54  -0.57 1
Abca8a -8.01 -1.80 26
Gapdh -11.67  -4.56 Aorck
Fam105a -15.60 -6.69 57




Non-linear models

- WD Y =g(T) +9'U +€yi

! Ws&)l@),%/A)%&6/#& )G FHH) " L) */05600% (BY L) @051 1006) ) (+) 008
D+

\)JDBN
rd — E[Y | do(tg)} — E[Y | do(t) = t%°]

JN)+) w@w 0000 /+)/ )Y HIEHIUAL SO *YBH LAY . Y10"4)6) |
)7#)-/ RIAY /MY IAATA B/ ) G) 18Y /& AYTIATE 1)



gfbp2

= OLoOouo
5 OMNIOANO

0.50
Quantile

0.75

0.25



Additional Assumptions for Reducing Ignorance
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Gene

Posterior Median

21101 2

Igfbp2
2010002N04Rik A
Fam105a -
Serpinab -
Ccenl2
Gapdh -
Irx3
Slc22a3 A
Vwf A
Abca8a -
Avprla-
Apoa4 -
Earll 4
Kdm4a
Mest 4
Ndrg1 -

Socs2 A

Prior




Multi-cause sensitivity in general
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Additional Assumptions

Asm4: Copula invariance

The conditional copula does not depend on the value of t, that is, the conditional dependence
between Y and U is invariant to the level of T.

Asmb5: Gaussian copula

The conditional copula between the outcome and m-dimensional latent confounders given
treatments, cy(Fy|:(y), Fy)¢(u) | t), is a Gaussian copula.




Multi-cause sensitivity in general
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Analysis of IMDB movie data
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Minimum Norm Effects
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Conclusions
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Software and Future Directions
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http://github.com/JiajingZ/CopSens

Thanks!
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https://arxiv.org/abs/2102.09412
http://github.com/JiajingZ/CopSens

References

D’Amour, A. (2019). On multi-cause approaches to causal inference with unobserved
counfounding: Two cautionary failure cases and a promising alternative. In The 22nd
International Conference on Artificial Intelligence and Statistics, pp. 3478—-3486.

Franks, A., A. D'Amour, and A. Feller (2019). Flexible sensitivity analysis for
observational studies without observable implications. Journal of the American
Statistical Association (just-accepted), 1-38.

Grimmer, J., D. Knox, and B. M. Stewart (2020). Naive regression requires weaker

assumptions than factor models to adjust for multiple cause confounding. arXiv
preprint arXiv:2007.12702.

Miao, W., W. Hu, E. L. Ogburn, and X. Zhou (2020). ldentifying effects of multiple
treatments in the presence of unmeasured confounding.

Ogburn, E. L., I. Shpitser, and E. J. T. Tchetgen (2020). Counterexamples to" the
blessings of multiple causes” by wang and blei. arXiv preprint arXiv:2001.06555.

Price, A. L., N. J. Patterson, R. M. Plenge, M. E. Weinblatt, N. A. Shadick, and
D. Reich (2006). Principal components analysis corrects for stratification in
genome-wide association studies. Nature genetics 38(8), 904-9009.

Wang, Y. and D. M. Blei (2018, May). The Blessings of Multiple Causes. arXiv e-prints,
arXiv:1805.06826.



Binary outcomes and/or binary treatments
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Causal Effect

PATE;, 1, for Gaussian Outcome

robust

True Ef
¥

Calibra

2
2
R\?~L

2
- R\?»«L

Causal Effect

RRe, o for Binary Outcome

=frobust

1.349 =
*

1.11 +

__o.om--___-___--__--__I§~2.3‘1’°
0.9 -+
0.7 4 i obust
1 2 3 4

(b) Binary Outcome

True Effect
*

Calibrated

- Upper
Naive
- Lower



Observable Partial R-squareds for IMDB example

Partial R® for Observed Factors
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